
Quaternions and Rotations

0.1 - Quaternions. Quaternions present a means of working with rotations of three-
dimensional space which, though perhaps harder to understand intuitively, can be easier
to manipulate algebraically. We denote the space of quaternions by H:

H := {xi+ yj+ zk + w | x, y, z, w ∈ R} .

We denote the space of real numbers by R and we denote the space of imaginary quaternions
by I:

I := {xi+ yj+ zk | x, y, z ∈ R} .

Observe that i, j and k may also be interpreted as the standard basis of three-dimensional
space. In this way, we identify I with three dimensional space.

For a quaternion α = xi+ yj+ zk + w, we define its complex conjugate α by:

α := −xi− yj− zk + w.

If α and β are quaternions, then:
αβ = βα,

(recall that quaternionic multiplication is not commutative). Furthermore, for any quater-
nion α, αα is real and is equal to the square of its length. That is:

αα = |α|
2
= x2 + y2 + z2 + w2.

Let α be a unit quaternion (that is, a quaternion of unit length). We consider the
mapping Mα given by:

Mα(β) = αβα.

The mapping Mα preserves length, sends imaginary quaternions to imaginary quaternions,
and acts by rotation on the space of imaginary quaternions. Furthermore, ifM is a rotation,
then M can be written as Mα for some unit quaternion α. In fact, every rotation can be
written as the rotation of two distinct unit quaternions, since Mα = M

−α for all unit
quaternions α. However, there is no further ambiguity, since if Mα = Mβ for two unit
quaternions α and β, then α = ±β.

Let α = xi + yj+ zk + w be a unit quaternion. With respect to the basis i, j, k of I,
the matrix of Mα is given by:

Mα =





x2 − y2 − z2 + w2 2xy − 2zw 2xz + 2yw
2xy + 2zw −x2 + y2 − z2 + w2 2yz − 2xw
2xz − 2wy 2yz + 2xw −x2 − y2 + z2 + w2



 .

Since Mα is a rotation matrix, its inverse is equal to its transpose. Alternatively, we can
show that the inverse of Mα is equal to Mα. Either way, we obtain:

M−1

α =





x2 − y2 − z2 + w2 2xy + 2zw 2xz − 2wy
2xy − 2zw −x2 + y2 − z2 + w2 2yz + 2xw
2xz + 2yw 2yz − 2xw −x2 − y2 + z2 + w2



 .
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Determining the vertical component: Let Ê := (e1, e2, e3) be a fixed reference
frame chosen such that e1 points vertically upwards, e2 points towards the north, e3 is
orthogonal to e1 and e2 and e1, e2 and e3 together form a right-handed triple. Given a
quaternion α, we define the frame Eα by:

Eα := Mα(Ê) = (Mα(e1),Mα(e2),Mα(e3)).

This way, every frame can be written as Eα for some unit quaternion α. As before, every
frame can in fact be written as Eα for two distinct unit quaternions, since Eα = E

−α for
all unit quaternions α. Likewise, as before, there is no further ambiguity, since if Eα = Eβ

for two unit quaternions α and β, then α = ±β.

If α := xi + yj + zk + w is a unit quaternion and if v := (a, b, c) is a unit vector
given in the reference frame Eα, then the vertical component of v will be equal to the first
component of the vector Mα(v). That is:

vvert = Mα(v)1 = (x2 − y2 − z2 + w2)a+ 2(xy − zw)b+ 2(xz + yw)c.

Different conventions may equally well be used, and these will lead to different formula.
For example, we could have defined Eα instead by Eα := M−1

α (Ê) = Mα(Ê). In this case,
the vertical component of v would be equal to the first component of the vector M−1

α (v).
That is:

vvert = M−1

α (v)1 = (x2 − y2 − z2 + w2)a+ 2(xy + zw)b + 2(xz − yw)c.

Alternatively, we could have defined Ê such that e2 or e3 points vertically upwards or even
vertically downwards, and each of these choices would have led to other possible formulae.
In the end, there are twelve possible formulae that may be used to calculate vvert, being
one of ±Mα(v)1, ±Mα(v)2, ±Mα(v)3, ±M−1

α (v)1, ±M−1

α (v)2 and ±M−1

α (v)3. In each
case, a little reflection will always be required to determine which formula is the correct
one to use.

Determining axes of rotation: Let Ê be the fixed reference frame given in the
previous paragraph. As before, for all α, let Eα be the frame defined by Eα := MαE. Let
Et be a time-dependant family of frames. Let αt := xti+ytj+ztk+wt be the corresponding
family of quaternions. That is, for all t:

Et = Eαt
.

Let Ėt and α̇t be the derivatives of Et and αt with respect to time.
Let v̂ := (â, b̂, ĉ) be a unit vector in the fixed reference frame Ê. Recall that v̂ may be

considered as an imaginary quaternion. If Et is obtained by rotating the frame E0 about
the axis v̂, then the derivative of αt satisfies the following formula:

λv̂ = α̇tαt,
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where λ is the angular velocity of αt (in particular, the real part of α̇tαt vanishes!). We
thus recover both the angular velocity λ, and the axis of rotation v̂ as follows:

λ = |α̇tαt| ,

v̂ = α̇tαt/λ.

Alternatively, let v := (a, b, c) be a unit vector in the frame Et. Again, v may be
considered as an imaginary quaternion, and if Ėt corresponds to rotating about the axis v
in Et, then the derivative of αt satisfies the following formula:

λv = αtα̇t,

where λ is the angular velocity of αt. We thus recover both the angular velocity λ, and
the axis of rotation v as follows:

λ = |αtα̇t| ,

v = αtα̇t/λ.

In fact, since |αt| = 1 for all t, λ = |α̇t|. Thus, in extended form, this becomes:

λ2 = ẋ2

t + ẏ2t + ż2t + ẇ2

t ,

and:




a
b
c



 =
1

λ





−xẇ − yż + zẏ + wẋ
xż − yẇ − zẋ+ wẏ
−xẏ + yẋ− zẇ + wż



 .

I would attempt to test for a spin by testing whether v remains more or less con-
stant over a sustained period. If it does, then the number of degrees turned should be
approximated by the formula:

Degrees ∼
360

2π

∫

λdt.
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